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In this work we compare the simple singularities of germs from R2 to Rp with multiplici-
ty 2 or 3 with the singularities appearing in the set of 2-ruled surfaces. We also study the
topological type of all ﬁnitely determined singularities by studying generic projections of
these singularities in R3.
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1. Introduction
Ruled surfaces are surfaces generated by straight lines and have been studied for centuries by geometers. We ﬁnd simple
examples of ruled surfaces everywhere: the cylinder, the hyperbolic paraboloid, the hyperboloid of one sheet, the helicoid.
From the singularity point of view, we also see that the simplest singular surface, the cross cap, is also a ruled surface.
In [5], Izumiya and Takeuchi consider the question of determining the generic singularities which appear in the set of ruled
surfaces comparing to germs of stable ruled surfaces in R3. They show that generically, ruled surfaces present the same
local singularities as general surfaces, namely, cross cap type singularities.
Nuño-Ballesteros and Martins in [3] show that all simple singularities of germs of surfaces also appear as a ruled surface,
or in other words, it is shown that any map germ f : (R2,0) → (R3,0) with a simple singularity is A-equivalent to a ruled
surface. Moreover, it is given a topological classiﬁcation of all A-ﬁnitely determined singularities of ruled surfaces and it is
shown that there are just eleven topological classes.
In this article we describe the simple singularities which appear in the ruled surfaces in Rp . For germs of surfaces in R4,
we look at the list of simple singularities of germs of surfaces obtained by Klotz, Pop and Rieger in [8], to check which
of them can be realized as a ruled surface. We show that not all simple singularities can be written as a ruled surface.
We describe the simple singularities which appear in germs of ruled surfaces in Rp with p  5 and use the list of simple
germs of surfaces in Cp with multiplicity 2 or 3, given by Barbosa in [1]. We show that all germs of simple singularities
with multiplicity 2 can be realized as a germs of ruled surfaces, but the same does not happen with simple singularities of
multiplicity 3.
To describe the topological type of all simple singularities of surfaces, the main tool used is the description of the
associated link in Rp of any surface, since the topological type is determined by cone of the link (see Fukuda [4]). When
n = 4 we show that there are only 4 topological types of such surface, as the cone of the link of any immersed surface in Rn ,
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398 G.F. Barbosa et al. / Topology and its Applications 159 (2012) 397–404for n > 4 any immersed surface is always an S1 (see Zeeman [9]). To get such results we need to project the immersed ruled
surface of R4 in R3 and then apply the results of [3]. We also describe the topological type of the simple ruled surfaces in
these cases using the results of Fukuda [4] and Zeeman [9].
2. Preliminaries
Deﬁnition 2.1. A ruled surface in Rp is the image of a map f : I × J → Rp deﬁned by f (t,u) = α(t) + uγ (t), where
α : I → Rp and γ : I → Rp , with γ (t) = 0 are smooth maps and I , J are open intervals. We assume that I is bounded. We
call α a base curve and γ a director curve. The straight lines u → α(t) + uγ (t) are called rulings.
Example 2.2. The family of cross caps in R4 is the image of the application f : I × J → R4 deﬁned for f (t,u) =
(u, t2,ut, t2k+1) where I and J are open intervals of R containing the origin.
Given the curves α(t) = (0, t2,0, tk+1), ω(t) = (1,0, t,0) we can deﬁne the ruled surface
F (t,u) = (0, t2,0, t2k+1)+ u(1,0, t,0).
Such singularity is called suspension of a cross cap.
We remark that a way to characterize a ruled surface is to observe if for one of the variables, all the coordinate functions
are of degree one in such variable.
As our map is local, we shall consider germs of ruled surfaces. We recover this concept here: two maps f1, f2 : Kn → Kp ,
(K = R,C), deﬁne the same germ at x ∈ Kn if there exists a neighborhood of x where f1 coincides with f2. This is an
equivalence relation for ﬁxed x, and such equivalence classes are called germs and denoted by f : (Kn, x) → (Kp, f (x)).
Deﬁnition 2.3. If f i : (Rn,0) → (Rp,0), for i = 1,2, are germs of smooth maps, and if there exist germs of diffeomorphism
(resp. homeomorphism) φ : (Rn,0) → (Rn,0) and ψ : (Rp,0) → (Rp,0) such that f2 ◦ φ = ψ ◦ f1, then f1, f2 are said to be
equivalent or A-equivalent (resp. C0–A-equivalent).
Deﬁnition 2.4. A map germ is said to be A-simple (or just simple) if there is a ﬁnite number of classes such that if
F : (Rn × P , (0,0)) → (Rp,0) is a deformation of f , then for any (x, p) in a suﬃciently small neighborhood of (0,0), the
germ of f p at x (where f p(x) = F (x, p)) lies in one of these equivalence classes.
3. Simple ruled surfaces inK4
Theorem 3.1. Any A-simple germ f : (K2,0) → (K4,0) with 2-jet different from (x,0,0,0) can be realized as a ruled surface. Any
A-simple germ f : (K2,0) → (K4,0) with 2-jet (x,0,0,0) cannot be realized as a ruled surface.
Proof. We now show the list of simple germs obtained by Klotz, Pop and Rieger in [8]. In the same list we show the
equivalent ruled germ and the proof of this result in the sequel.
Germ Equivalent ruled germ Remarks
(x, y,0,0) (u, t,0,0) –
(x, xy, y2, y2k+1) (u, tu, t2, t2k+1) k 1
(x, y2, y3, xk y) (u, t2 + 2ut, t3 + 32 ut2,utk) k 2
(x, y2, y3 + x2 y, xl y) (u, t2 + 2ut, t3 + ut2,utl) l > 2
(x, y2, y3 + xk y, xl y) (u, t2 + 2ut, t3 + 32 ut2 + utk,utl) l > k > 2
(x, y2, x2 y + y2k+1, xy3) (u, t2 + 2ut,ut2 + t2k+1,ut3) k 2
(x, y2, x2 y, y5) (u, t2 + 2ut,ut2, t5) –
(x, y2, x3 y + y5, xy3) (u, t2 + 2ut,4ut3 + t4 + 8t5,ut3 + 3t5) –
(x, xy, xy2 + y3k+1, y3) (u,ut,ut2 + t3k+1, t3) k 1
(x, xy, xy2 + y3k+2, y3) (u,ut,ut2 + t3k+2, t3) k 1
(x, xy + y3k+2, xy2, y3) (u,ut + t3k+2,ut2, t3) k 1
(x, xy, y3, y4) (u,ut, t3, t4) –
(x, xy, y3, y5) (u,ut, t3, t5) –
(x, xy + y3, xy2 + y2k+1, y4) (u,ut + t3,ut2 + t2k+1, t4) k 2
(x, x2 y + y4 + y5, xy2, y3) it is not a germ of ruled surface –
(x, x2 y + y4, xy2, y3) it is not a germ of ruled surface –
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(x, xy,0,0) are already ruled surfaces, so we have to show, for the other cases, a ruled surface that is A-equivalent to it.
The ﬁrst step to prove this is to apply the same kind of coordinate changes in all cases, in order to have in the second
coordinate just y2.
So, for coordinates (X, Y , Z ,W ) in the target, we apply the L-change (coordinate change in the target) X = U , Y =
V + bU2, Z = W and the R-change (coordinate change in the source) u = x, t = y − x.
As an example, we show all steps for (x, y2, y3 + xk y, xl y), with k = 2 and l = 3.
After applying the change above we have:
(
x, y2, y3 − 2y2x+ yx2, xy3 − 3y2x2 + 3yx3 − x4)
and we eliminate with an L-change all the terms generated by x and y2, then we have
(
x, y2, y3 + yx2, xy3 + 3yx3).
Now applying the change: ϕ(X, Y , Z ,W ) = (X, Y , Z , W−X Z2 ) we obtain:
(
x, y2, y3 + yx2, yx3).
By repeating the procedure we do it for all ruled normal forms and obtain the normal forms of all simple singularities.
In order to show that the last two singularities in the list are not equivalent to a ruled surface, we need some results
that we show in what follows. 
The lemma below allows us to characterize the ruled surfaces in C∞(R,R3 × R3∗) obtaining pre-normal forms.
We observe that the director curve γ determines the direction of the rulings of the surfaces, which are the lines deter-
mined when we let t ﬁxed and vary u, therefore we always need that γ is never zero, in this case we can ask more, and
consider γ taking values in S2.
Lemma 3.2. Let (α,γ ) ∈ C∞(R,Rp × Sp−1) and f : (R2,0) → (Rp,0) the ruled surface given by f (t,u) = α(t)+uγ (t), then there
exist curves (τ ,ω) ∈ C∞(R,Rp × Rp∗), such that the germ of ruled surface g(s, v) = (0, τ2(s), . . . , τp(s)) + v(1,ω2(s), . . . ,ωp(s))
is A-equivalent to f .
Proof. Given f (t,u) = (α1(t)+ uγ1(t),α2(t)+ uγ2(t), . . . ,αp(t)+ uγp(t)) suppose that γ1(0) = 0, then choosing the change
of parameters φ : (R2,0) → (R2,0), given by φ(s, v) = (s, v−α1(s)γ1(s) ), we have
f ◦ φ(s, v) =
(
v,α2(s) + v − α1(s)
γ1(s)
γ2(s), . . . ,αp(s) + v − α1(s)
γ1(s)
γp(s)
)
which is equal to
g(s, v) =
(
0,α2(s) − α1(s)γ2(s)
γ1(s)
, . . . ,αp(s) − α1(s)γp(s)
γ1(s)
)
+ v
(
1,
γ2(s)
γ1(s)
, . . . ,
γp(s)
γ1(s)
)
. 
Proposition 3.3. ([7]) There exist 4 orbits in Σ1 J2(2,3) under the action of A2 , which are(
x, y2, xy
)
, (x, xy,0),
(
x, y2,0
)
, (x,0,0). (1)
The same classiﬁcation works for higher values of p.
Proposition 3.4. Let f : (R2,0) → (Rp,0) be a germ of a ruled surface given by f (x, y) = β(y) + xδ(y), as in Lemma 3.2. Suppose
that f is not the suspension of the cross cap. Then the 2-jet of f belongs to the orbit of
⎧⎪⎨
⎪⎩
(
x, y2,0, . . . ,0
)
, if β ′′(0) = 0;
(x, xy,0, . . . ,0), if β ′′(0) = 0, δ′(0) = 0;
(x,0,0, . . . ,0), if β ′′(0) = δ′(0) = 0.
Proof. Suppose that f has a more degenerated singularity than a suspension of the cross cap, so the expansion in Taylor
series of the base and the director curves are
β(t) = (0,a22t2 + · · · , . . . ,ap2t2 + · · ·), δ(t) = (1,b21t + b22t2 + · · · , . . . ,bp1t + bp2t2 + · · ·),
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the 2-jet of f can be taken as
j2 f (0) = (x,a22t2 + b21tx,a32t2 + b31xt, . . .).
Then the proposition follows by taking conditions on the 2-jet j2 f (0) in terms of a22, b31, a32 and b21. 
Proposition 3.5. Let f : (R2,0) → (Rp,0) be the germ of a ruled surface with 2-jet in the orbit of (x,0,0, . . .) then f is not ﬁnitely
determined.
Proof. Let f (x, t) = (0,α2(t), . . . ,αp(t)) + x(1, γ2(t), . . . , γp(t)) then
J f (x, t) =
⎛
⎜⎜⎜⎜⎝
0 1
α′2(t) + xγ ′2(t) γ2(t)
...
...
α′p(t) + xγ ′p(t) γp(t)
⎞
⎟⎟⎟⎟⎠ .
Suppose that f belongs to the orbit of the 2-jet (x,0, . . . ,0), then by Proposition 3.4, we have, for (x,0) ∈ (R2,0), that all
the 2×2 minors of J f (x,0) are zero, that is, the singularity in (0,0) is not isolated and then it is not ﬁnitely determined. 
4. Simple surfaces inKp , p 5, with multiplicity 2
Here we study the set of simple ruled surfaces in the set of simple germs of surfaces in Kn . The main tool used is the
list of simple germs of surfaces, given in [1], obtained using the method of the Complete Transversal [2].
From this list we deduce the following:
Theorem 4.1. Any A-simple germ f : C2,0 → C5,0, of multiplicity 2, is A-equivalent to a germ of a ruled surface.
Below we show the list of simple germs and its normal form as a ruled surface.
Germ Equivalent ruled surface Remarks
(x, xy, y2, y2k+1,0) (u,ut, t2, t2k+1,0) k 1
(x, y2, y3, xk y,0) (u, t2 + 2ut, t3 + 32 ut2,utk,0) k 2
(x, y2, y3 + x2 y, xl y,0) (u, t2 + 2ut, t3 + ut2,utl,0) l > 2
(x, y2, y3 + xk y, xl y,0) (u, t2 + 2ut, t3 + 32 ut2 + utk,utl,0) l > k > 2
(x, y2, x2 y + y2k+1, xy3,0) (u, t2 + 2ut,ut2 + t2k+1,ut3,0) k 2
(x, y2, x2 y, xy3, y2k+1) (u, t2 + 2ut,− 12 ut2,ut3, t2k+1) k 2
(x, y2, x2 y, y5,0) (u, t2 + 2ut,ut2, t5,0) –
(x, y2, x2 y + y5, xy5, y7) (u, t2 + 2ut,ut2 + t5,ut5, t7) –
(x, y2, x2 y, xy5, y7) (u, t2 + 2ut,ut2,ut5, t7) –
(x, y2, x3 y + y5, xy3,0) (u, t2 + 2ut,ut3 + t5,ut3 + 34 t4,0) –
(x, y2, x3 y, xy3, y5) (u, t2 + 2ut,ut3,ut3 + 34 t4, t5) –
(x, y2, x3 y, xy3, y7) (u, t2 + 2ut,ut3,ut3 + 34 t4, t7) –
(x, y2, x3 y + xy3, y5, x4 y) (u, t2 + 2ut,ut3, t5, u8 t4) –
(x, y2, x3 y, x2 y3, y5) (u, t2 + 2ut,ut3 + 14 t4,ut4, t5) –
(x, y2, xy3, x4 y, y5) (u, t2 + 2ut,ut3 + 34 t4,ut4, t5) –
We remark that the second column is obtained from the ﬁrst by doing L-changes.
Remark 4.2. We also obtain the list of A-simple germs from C2 to Cn , n 6, with multiplicity 2, using the method of the
Complete Transversal. This list consists of the germs ( f ,0, . . . ,0), where f is an A-simple germ from C2 to C5.
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We now consider the A-simple germs from C2 to C5, with multiplicity 3. Then we have the following:
Theorem5.1. Any A-simple germ f : (K2,0) → (K5,0), withmultiplicity 3 andwith 2-jet different from (x,0,0,0,0) can be realized
as a ruled surface. Any A-simple germ f : (K2,0) → (K5,0), with multiplicity 3 and with 2-jet (x,0,0,0,0) cannot be realized as a
ruled surface.
Germ Equivalent ruled surface Remarks
(x, xy, xy2, y3, y3k+2 + y3+1) germ of a ruled surface 1< k <  < 2k
(x, xy, xy2, y3, y3k+2)  k 1
(x, xy, xy2 + y3k+2, y3, y3m+1 + y3+2)  1< k <m  < 2k
(x, xy, xy2 + y3k+2, y3, y3m+1)  1 k <m 2k
(x, xy, xy2 + y3k+2, y3,0)  k 1
(x, xy, xy2 + y3k+2, y3, y3m+2 + y3+1)  1< k <m <  2k
(x, xy, xy2 + y3k+2, y3, y3m+2)  1< k <m < 2k
(x, xy + y3k+2, xy2, y3, y3+1 + y3m+2)  1 k < m 2k
(x, xy + y3k+2, xy2, y3, y3+1)   k <  2k
(x, xy + y3k+2, xy2, y3, y3+2 + y3m+1)  1< k <  <m 2k
(x, xy + y3k+2, xy2, y3, y3+2)  1 k <  2k
(x, xy + y3k+2, xy2, y3,0)  k 1
(x, xy, xy2, y3, y3k+1 + y3+2)  1< k  < 2k − 1
(x, xy, xy2, y3, y3k+1)  k 1
(x, xy, xy2 + y3k+1, y3, y3m+2 + y3+1)  1< km <  < 2k
(x, xy, xy2 + y3k+1, y3, y3m+2)  1 km < 2k
(x, xy, xy2 + y3k+1, y3, y3+1 + y3m+2)  1< k < m < 2k
(x, xy, xy2 + y3k+1, y3, y3+1)  1< k <  < 2k
(x, xy, xy2 + y3k+1, y3,0)  k 1
(x, xy, y3, y4, y5)  –
(x, xy, y3, y4,0)  –
(x, xy, y3, y5, y7)  –
(x, xy, y3, y5,0)  –
(x, xy + y3, xy2, y4, y2k+1)  k 2
(x, xy + y3, xy2 + y2k+1, y4, y2k+3)  k 2
(x, xy + y3, xy2 + y2k+1, y4,0) germ of a ruled surface k 2
(x, x2 y, xy2, y3, y4) it is not a germ of ruled surface –
(x, x2 y + y4, xy2, y3, y5)  –
(x, x2 y + y4, xy2, y3, xy4)  –
(x, x2 y + y4 + y5, xy2, y3,0)  –
(x, x2 y + y4, xy2, y3,0) it is not a germ of ruled surface –
6. Links and knots
In order to study the topology of any ﬁnitely determined map germ from Rn to Rp , n  p, it is interesting to apply a
result due to Fukuda [4], which shows that these germs have the structure of a cone in the link, so the topology of each
correspondent link gives all the information about the topology of the germ.
Theorem 6.1. ([4]) Suppose n p. Then given a semi-algebraic subset W of J r(n, p), there exist an integer s, depending only on n, p
and r, and a closed semi-algebraic subset ΣW of (π sr )
−1(W ) having codimension  1 such that for any C∞ mapping f : Rn → Rp
with js f (0) belonging to (π sr )
−1(W ) \ ΣW , there exists a positive number 0 such that for any number  with 0<   0 we have
(1) S˜n−1 = f −1(Sp−1 ) is a homotopy (n − 1)-sphere which, if n = 4,5 is diffeomorphic to the natural (n − 1)-sphere Sn−1 ,
(2) the restricted mapping f | S˜n−1 : S˜n−1 → Sp−1 is topologically stable (C∞ stable if (n, p) is a nice pair),
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(3) letting D˜n = f −1(Dp ), the restricted mapping f |D˜n \ {0} : D˜n \ {0} → Dp \ {0} is proper, topologically stable (C∞ stable if (n, p)
is nice) and topologically equivalent (C∞-equivalent if (n, p) is nice) to the product mapping
(
f | S˜n−1
)× Id(0,) : S˜n−1 × (0, ) → Sp−1 × (0, )
deﬁned by (x, t) → ( f (x), t), and
(4) consequently, f |D˜n : D˜n → Dp is topologically equivalent to the cone
C
(
f | S˜n−1
) : S˜n−1 × [0, )/ S˜n−1 × {0} → Sp−1 × [0, )/Sp−1 × {0}
of the stable mapping f | S˜n−1 : S˜n−1 → Sp−1 deﬁned by C( f | S˜n−1 )(x, t) = ( f (x), t).
For the special case of a map germ from Rn to Rp , n p, we have the following.
Corollary 6.2. ([6]) Suppose n  p and let f : (Rn,0) → (Rp,0) be a ﬁnitely determined map germ. Then there is a representative
f : U ⊂ Rn → Rp of the map germ and there exists a positive number 0 such that any number  with 0 <   0 veriﬁes (1), (2),
(3) and (4) of the above theorem.
Deﬁnition 6.3. Suppose n p and let f : (Rn,0) → (Rp,0) be a ﬁnitely determined map germ. We say that the stable map
f | S˜n−1 : S˜n−1 → Sp−1 is the link of f , where f is a representative and 0<   0 which veriﬁes (1), (2), (3) and (4) of the
above theorem.
Remark 6.4. Note that, in the case of surfaces in R3, the link f | S˜1 : S˜1 → S2 is a closed curve in S2 immersed only with
transversal double points. In the case of surfaces in R4, we have a knot in S3 and for p > 4 the curve is unknotted, that is,
it is equivalent to an equator of Sp−1 by the Zeeman Theorem (see [9]).
For the case of surfaces in R3, we have the following.
Theorem 6.5. ([3]) Let f : (R2,0) → (R3,0) be a ﬁnitely determined germ of ruled surface. Then the topological type of f is deter-
mined by one of the eleven links of Fig. 1.
7. Projections and knot theory
To describe the topology of ruled surfaces in Rp , with p > 3, we use the result of Fukuda, but in Rp any ball Sp−1
is (p − 1)-dimensional, then we work with projections p : (Rp,0) → (R3,0) and study the composition with the germ f
and p. From this composition we obtain all topological types of such surfaces.
Proposition 7.1. Any generic linear projection p : Rp → R3 takes corank 1 mappings into corank 1 mappings (p > 3). Moreover if
f : R2 → Rp is a ruled surface then p ◦ f is a ruled surface.
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Proof. We can see that any linear combination of the coordinates of a ruled surface still has the property that one of the
variables have maximum degree one, since the degree does not increase by linear combinations, and this is precisely what
characterizes a ruled surface.
Now let T : Rp → R3 be a generic linear projection, in this case the minors 3 × 3 of the matrix of T has non-singular
determinant. Since f : Rn → Rp has corank 1 then it can be written in the form (x, f1, . . . , fn). We calculate now the rank
of T ◦ f , as T ( f ) has maximum rank, and J (T ◦ f ) = T . J ( f ), the corank of J (T ◦ f ) is equal to the corank of J ( f ), which
is 1. 
In the next result we shall show the topological type of any ﬁnitely determined ruled surface. We remark that in this
classiﬁcation there appears also the simple singularities which appear in Theorem 3.1 even the ones which cannot be
realized as a germ of ruled surface.
Theorem 7.2. Let f : (R2,0) → (R4,0) be a ﬁnitely determined germ of a ruled surface or a germ of a simple singularity as given in
Theorem 3.1. Then the topological type of f is determined by one of the four links in Fig. 2.
The links above are realized by these normal forms (x, y,0,0), (x, xy, y3, xy4 + 0.8y6), (x, xy, y3, xy5 + 0.8y7) and
(x, xy, y3, xy12 + 0.8y14).
Remark 7.3. Only on this proof we use the word knot to mean a link in S3.
Proof of Theorem 7.2. Let us consider a ruled surface f : (R2,0) → (R4,0), by Theorem 6.1, we have that the topological
type of f is given by the knot f | S˜1 : S˜1 → S3 , we only observe that given any projection p : R4 → R3, then (p ◦ f )| S˜1 =
p( f | S˜1).
On the other side we have that the topological type of p ◦ f is given by the link p ◦ f | S˜1 : S˜1 → S2 that is precisely the
projection of the knot in S3 to S2. With no lose of generality we can imagine the projection in R2, since the projections
of the knot in S2 are a non-dense curve. But in this case we have the diagram of the knot, that is a projection of the knot
in S3 into the plane.
Theorem 6.5 gives us the set of all possible diagrams of knots, we also observe, by the geometric criterium of ﬁnite
determinacy, that for a generic linear projection we can suppose that p ◦ f is a smooth closed curve, with only transversal
intersections.
As we can work with different projections, we could have different knots for the same mapping, but in the knot theory
we know that it does not happen to compositions with few intersections as in our case. Then we have the result for ruled
surfaces and for simple singularities which are A-equivalent to a ruled surface, since A-equivalence is stronger than the
C0–A-equivalence.
For the cases: (x, x2 y + y4 + y5, xy2, y3) and (x, x2 y + y4, xy2, y3) of simple singularities which are not A-equivalent to
a ruled surface, we can consider the projection p(X, Y , Z ,W ) = (X,a0Y + b0 Z + c0W ,a1Y + b1 Z + c1W ) where
∣∣ a0 b0
a1 b1
∣∣ = 0
or
∣∣ b0 c0
b1 c1
∣∣ = 0 or ∣∣ a0 c0a1 c1
∣∣ = 0.
For the germ (x, x2 y + y4, xy2, y3), then we have
p ◦ f (x, y) = (x,a0(x2 y + y4)+ b0xy2 + c0 y3,a1(x2 y + y4)+ b1xy2 + c1 y3).
Taking the 3-jet and using Proposition 4.3:1 of [7] we have that the germs are (x, y3, x2 y + xy2 + y4), (x, y3 − x2 y −
y4, xy2), (x, y3, x2 y + y4), (x, y3, xy2), (x, xy2, x2 y + y4).
For the other germ we have:
(
x, y3, x2 y + xy2 + y4 + y5), (x, y3 − x2 y − y4 − y5, xy2),(
x, y3, x2 y + y4 + y5), (x, y3, xy2), (x, xy2, x2 y + y4 + y5).
None of these germs has double points curve with more than 3 branches, so the diagram of the knot does not have more
than 3 intersections and than the theorem follows. 
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